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Abstract
We answer in the negative the conjecture of Sam B. Nadler Jr and David P. Bellamy which says “Let X be a homogeneous
one-dimensional continuum. Then T is continuous for X”. We characterize the class of homogeneous continua for which T is
continuous.
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1. Introduction
F. Burton Jones defined the set function T in [7]. Since then many properties related with this function have been
studied.
In 1970, David Bellamy [2] gave properties of continua for which the set function T is continuous. In [11] a class
of decomposable nonlocally connected one-dimensional continua for which T is continuous was given.
In the VI Joint Meeting AMS–SMM, celebrated May 13–15, 2004, in Houston, Texas, David P. Bellamy gave the
talk: Problems, in and out of context. As item 23 he wrote: Conjecture: Let X be a homogeneous one-dimensional con-
tinuum. Then T is continuous for X (Nadler–Bellamy). We give a negative answer to this conjecture and characterize
the class of homogeneous continua for which T is continuous.
2. Definitions
If (Z,d) is a metric space, then given A ⊂ Z the interior of A is denoted by Int(A), the closure of A is denoted
by Cl(A), and given a positive number ε, Vdε (A) denotes the open ball about A of radius ε.
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such that
⋃G = Z. A decomposition G of a metric space Z is said to be upper semicontinuous if the quotient map
q :Z Z/G is closed. The decomposition G is continuous provided that q is open and closed.
A continuum is a compact connected metric space. A subcontinuum of a space Z is a continuum contained in Z.
A continuum is decomposable if it is the union of two of its proper subcontinua. A continuum is indecomposable if it is
not decomposable. A subcontinuum Y of a continuum X is said to be terminal provided that for any subcontinuum K
of X such that K ∩ Y = ∅, we have that either K ⊂ Y or Y ⊂ K .
A continuum X is said to be homogeneous provided that for each pair of points x and y of X, there exists a homeo-
morphism h :XX such that h(x) = y. We say that X has the Property of Effros provided that for each ε > 0, there
exists δ > 0 such that if x, y ∈ X and d(x, y) < δ, then there exists a homeomorphism h :XX, such that h(x) = y
and d(z,h(z)) < ε for every z ∈ X. The number δ is called an Effros number for the given ε. A homeomorphism
h :XX satisfying that d(z,h(z)) < ε for each z ∈ X is called an ε-homeomorphism.
The pseudo-arc is the only hereditarily indecomposable chainable continuum. The circle of pseudo-arcs is a one-
dimensional circularly chainable plane continuum admitting a continuous decomposition into pseudo-arcs such that
the decomposition space is the unit circle S1 [4].
Given a continuum X, we define the set function T as follows: if A ⊂ X then
T (A) = X \ {x ∈ X | there exists a subcontinuum W of X such that x ∈ Int(W) ⊂ W ⊂ X \ A}.
We write TX if there is a possibility of confusion. Let us observe that for any subset A of X, T (A) is closed subset
of X and A ⊂ T (A). A continuum X is aposyndetic provided that T ({p}) = {p} for every p ∈ X.
We say that T is continuous for a continuum X provided that T : 2X → 2X is continuous, where 2X is the hyper-
space of nonempty closed subsets of X, topologized with the Hausdorff metric (see [12]).
Let X and Z be continua, and let f :X Z be a map. We say that f is TXZ-continuous provided that f TX(A) ⊂
TZf (A) for every closed subset A of X.
3. Results
In this section we show that the conjecture by Bellamy and Nadler is not true and we characterize the class of
homogeneous continua for which T is continuous.
The fact that the conjecture by Bellamy and Nadler is not true can be seen from the following facts:
(1) There exists a one-dimensional arcwise connected homogeneous continuum M which is not locally con-
nected [14].
(2) Each arcwise connected homogeneous continuum is aposyndetic (this is a consequence of Jones’s aposyndetic
decomposition theorem (Theorem 3.4, below)).
(3) Each aposyndetic continuum for which T is continuous is locally connected ([3, p. 5] and [2, Theorem 3]).
Therefore, M is a one-dimensional homogeneous continuum for which T is not continuous.
Next, we recall a theorem of Bellamy, a proof of this result may be found in [3, Theorem 5, p. 9]:
Theorem 3.1. Let X and Z be continua, where Z is locally connected. If f :X Z is a surjective, monotone and
open map such that for each proper subcontinuum W of X, f (W) = Z, then TX is continuous for X.
The following theorem is known as Effros’s Theorem in the theory of homogeneous continua. A slightly different
version of this result was first shown by C.L. Hagopian [6].
Theorem 3.2. If X is a homogeneous continuum with metric d , then X has the property of Effros.
The following result is known but we have not been able to locate a reference, so we present a proof of it.
Theorem 3.3. If X is a homogeneous continuum with metric d , then for each closed subset A of X, T 2(A) = T (A),
i.e., T is idempotent.
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Next, let x ∈ X \ T (A). Then, there exists a subcontinuum W of X such that x ∈ Int(W) ⊂ W ⊂ X \ A. Let ε > 0
such that ε < d(W,A) and Vdε (x) ⊂ Int(W). Let δ > 0 be an Effros number for this ε. We assume that δ < ε. Since
W is compact, there exist w1, . . . ,wm ∈ W such that W ⊂⋃mj=1 Vdδ (wj ).
Let j ∈ {1, . . . ,m}. Then, for each y ∈ Vdδ (wj ), there exists an ε-homeomorphism hy :X  X such that
hy(wj ) = y. When y = wj , we take 1X , the identity map of X. Let
Mj = Cl
( ⋃
y∈Vdδ (wj )
hy(W)
)
.
Then, Mj is a subcontinuum of X such that wj ∈ Vdδ (wj ) ⊂ Mj ⊂ X \A. Let M =
⋃m
j=1 Mj . Then M is a subcontin-
uum of X and W ⊂⋃mj=1 Vdδ (wj ) ⊂ Int(M) ⊂ M ⊂ X \A. Since Int(M) ⊂ X \ T (A), x ∈ Int(W) ⊂ W ⊂ X \ T (A).
Hence, x ∈ X \ T 2(A). Therefore, T is idempotent. 
The following theorem is known as Jones’s Aposyndetic Decomposition Theorem. A proof of it may be produced
using [8,9,15,16].
Theorem 3.4. Let X be a decomposable homogeneous continuum with metric d , which is not aposyndetic. If G =
{T ({x}) | x ∈ X}, then the following holds:
(1) G is a continuous, monotone and terminal decomposition of X.
(2) The elements of G are indecomposable, cell-like, homogeneous and mutually homeomorphic continua of the same
dimension as X.
(3) The quotient map q :XX/G is completely regular.
(4) The quotient space X/G is a one-dimensional aposyndetic homogeneous continuum, which does not contain
nondegenerate proper terminal subcontinua.
Theorem 3.5. Let X be a decomposable nonaposyndetic homogeneous continuum. If G = {TX({x}) | x ∈ X}, then
TX(Z) = q−1TX/Gq(Z) for any nonempty closed subset Z of X, where q :XX/G is the quotient map.
Proof. Let Z be a nonempty closed subset of X. We divide the proof in six steps.
Step 1. q−1q(Z) ⊂ TX(Z).
Let x ∈ q−1q(Z). Then q(x) ∈ q(Z). Thus, there exists z ∈ Z such that q(z) = q(x). This implies that TX({z}) =
TX({x}). Hence, since TX is idempotent (Theorem 3.3), TX({x}) = TX({z}) ⊂ TX(Z). Therefore, x ∈ TX(Z), and
q−1q(Z) ⊂ TX(Z).
Step 2. TX(Z) = q−1qTX(Z).
Clearly, TX(Z) ⊂ q−1qTX(Z). Let x ∈ q−1qTX(Z). Then q(x) ∈ qTX(Z). Hence, there exists y ∈ TX(Z) such
that q(y) = q(x). This implies that TX({y}) = TX({x}). Thus, since TX is idempotent (Theorem 3.3), we have that
TX({y}) ⊂ TX(Z). Hence, x ∈ TX(Z), and q−1qTX(Z) ⊂ TX(Z). Therefore, TX(Z) = q−1qTX(Z).
Step 3. If Z is connected and IntX(Z) = ∅, then Z = q−1q(Z).
Clearly, Z ⊂ q−1q(Z). Let x ∈ q−1q(Z) Then q(x) ∈ q(Z). Thus, there exists z ∈ Z such that q(z) = q(x). This
implies that TX({z}) = TX({x}). Note the following properties of TX({x}): TX({x}) is a nowhere dense [9, p. 52] termi-
nal (Theorem 3.4) subcontinuum of X, and intersects Z. Since IntX(Z) = ∅, we have that TX({x}) ⊂ Z. In particular,
x ∈ Z. Therefore, Z = q−1q(Z).
Step 4. qTX(Z) ⊂ TX/Gq(Z).
Let χ ∈ X/G \ TX/Gq(Z). Then there exists a subcontinuum W of X/G such that χ ∈ IntX/G(W) ⊂ W ⊂
X/G \ q(Z). From these inclusions we obtain that q−1(χ) ⊂ IntX(q−1(W)) ⊂ q−1(W) ⊂ X \ q−1q(Z) ⊂ X \ Z.
Hence, since q is monotone (Theorem 3.4), q−1(χ) ∩ TX(Z) = ∅. Thus, qq−1(χ) ∩ qTX(Z) = ∅. Therefore,
χ ∈ X/G \ qTX(Z), and qTX(Z) ⊂ TX/Gq(Z).
Step 5. TX/Gq(Z) ⊂ qTX(Z).
Let χ ∈ X/G \ qTX(Z). Then {χ} ∩ qTX(Z) = ∅. This implies that q−1(χ) ∩ q−1qTX(Z) = ∅. Hence, by step 2,
q−1(χ)∩TX(Z) = ∅. Since TX is idempotent (Theorem 3.3), q−1(χ)∩T 2(Z) = ∅. Thus, there exists a subcontinuumX
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(Theorem 3.4), we obtain that {χ} = qq−1(χ) ⊂ IntX/G(q(W)) ⊂ q(W) ⊂ q(X \ Z). To finish, we need to show that
q(W)∩q(Z) = ∅. Suppose there exists χ ′ ∈ q(W)∩q(Z). Then, by steps 3 and 1, q−1(χ ′) ⊂ q−1q(W)∩q−1q(Z) =
W ∩q−1q(Z) ⊂ W ∩TX(Z), a contradiction to the election of W . Hence, q(W)∩q(Z) = ∅, and χ ∈ X/G \TX/Gq(Z).
Therefore, TX/Gq(Z) ⊂ qTX(Z).
Step 6. qTX(Z) = TX/Gq(Z).
The equality follows from steps 4 and 5.
From steps 2 and 6, we have that
TX(Z) = q−1qTX(Z) = q−1TX/Gq(Z).
Therefore, TX(Z) = q−1TX/Gq(Z). 
The following theorem gives a partial answer to problem 162 of the Houston Problem Book [5, p. 390].
Theorem 3.6. Let X be a decomposable nonaposyndetic homogeneous continuum and let G = {TX({x}) | x ∈ X}.
Then TX is continuous if and only if X/G is locally connected.
Proof. Let q :XX/G be the quotient map. Suppose TX is continuous for X. Note that, by Theorem 3.5, q is TXX/G -
continuous. Thus, TX/G is continuous for X/G [2, Theorem 4]. Since X/G is an aposyndetic continuum (Theorem 3.4)
for which TX/G is continuous, X/G is locally connected [2, Theorem 3].
Next, suppose X/G is locally connected. Recall that q :XX/G is a monotone open map (Theorem 3.4). Let W
be a proper subcontinuum of X, and let x ∈ X \ W . Since TX({x}) is a terminal subcontinuum of X (Theorem 3.4),
either W ⊂ TX({x}) or TX({x}) ∩ W = ∅. In either case, q(W) is a proper subcontinuum of X/G. Therefore, by
Theorem 3.1, TX is continuous. 
Hence, we have the following characterization of homogeneous continua for which T is continuous:
Theorem 3.7. Let X be a homogeneous continuum. Then T is continuous for X if and only if one of the following
conditions holds:
(1) X is indecomposable;
(2) X is not aposyndetic and X/G is homeomorphic to the simple closed curve, S1, or to the Menger universal
curve M; where G = {T ({x}) | x ∈ X};
(3) X is locally connected.
Proof. Let X be a homogeneous continuum. Suppose T is continuous for X. If X is indecomposable, then (1) holds.
Thus, suppose X is decomposable. If X is not aposyndetic, then X/G is locally connected, by Theorem 3.6. Hence,
since X/G is also one-dimensional (Theorem 3.4), X/G is homeomorphic to the simple closed curve, S1, or to the
Menger universal curve M, by [1, Theorem XIII]. Therefore, (2) holds. If X is aposyndetic, then X is locally con-
nected ([3, p. 5] and [2, Theorem 3]), and (3) holds.
Conversely, if (1) holds, then it is easy to see that T (A) = X for each A ∈ 2X ; i.e., T is a constant map. Hence,
T is continuous. Suppose (2) holds. Since S1 andM are locally connected, T is continuous, by Theorem 3.6. Finally,
if (3) holds, by [3, p. 5], T is the identity map on 2X . Thus, T is continuous. 
Remark 3.8. Let us note that, regarding item (2) of Theorem 3.7, there are two known one-dimensional nonaposyn-
detic homogeneous continua X such that X/G is locally connected, where G is the decomposition of item (2) of
Theorem 3.7. These continua are described as follows: By [1, Theorem XIII] the simple closed curve, S1, and the
Menger universal curve, M, are the only one-dimensional homogeneous locally connected continua. Hence, by [10],
the circle of pseudo-arcs, Ŝ 1, and the Menger universal curve of pseudo-arcs, M̂, are one-dimensional nonaposyn-
detic homogeneous continua such that Ŝ 1/G and M̂/G are locally connected, since they are homeomorphic to S1
and M, respectively.
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Question 3.9. Let X be a nonlocally connected decomposable continuum for which the set function T is continuous.
Does X admit a terminal continuous decomposition into pseudo-arcs such that the decomposition space is locally
connected?
The answer to this question is negative as can be seen as follows. Let Ŝ 1 be the circle of pseudo-arcs, and let
q : Ŝ 1 S1 be the quotient map. Let A = {(a, b) ∈ S1 | a  0 and b 0}. Let L= {q−1((a, b)) | (a, b) ∈ A} ∪ {{xˆ} |
xˆ ∈ Ŝ 1 and q(xˆ) ∈ S1 \ A}. Then L is an upper semicontinuous decomposition of Ŝ 1 such that Ŝ 1/L is a continuum
containing an arc. Let qL: Ŝ 1  Ŝ 1/L be the quotient map. Note that for each χ ∈ Ŝ 1/L, there exists z ∈ S1 such
that q−1L (χ) ⊂ q−1(z). Hence, by [13, 3.22], the function f : Ŝ 1/L S1 given by f = q ◦ q−1L is well defined and
continuous. Since q is monotone and open, f is monotone and open. LetW be a proper subcontinuum of Ŝ 1/L. Then
q−1L (W) is a proper subcontinuum of Ŝ 1. Thus, f (W) = q(q−1L (W)) is a proper subcontinuum of S1. Therefore, by
Theorem 3.1, TŜ 1/L is continuous for Ŝ 1/L. Since Ŝ 1/L contains an arc, there is no continuous decomposition of
Ŝ 1/L into pseudo-arcs.
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